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) $\{e_{n}\}$ $x\in V$
$x \sim\sum_{n}c_{n}e_{n}$
$\{e_{n}\}$ $V$ $\sim$ $=$
{ } $V$ ( $V$ Hilbert )
$\{e_{n}\}$ $V$ {%} Fourier
$c\text{ }=\langle e_{n}|x\rangle$
$\{e_{n}\}$ $V$ $\sim$ $=$
[
{ }






$\mathbb{C}^{n}$ $\dot{\mathrm{A}}^{\backslash }$ 7’ $\mathrm{e}_{1},$ $\ldots,$ $\mathrm{e}_{m}$ . $V=\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{n}$ $\{\mathrm{e}_{1}, \ldots, \mathrm{e}_{m}\}$ $\mathrm{e}_{1},$ $\ldots,$ $\mathrm{e}_{m}$ $V$
$\mathbb{C}^{n}$ $\mathbb{C}^{m}$
$f$ : $\mathrm{x}-\rangle$ $\{\begin{array}{l}\langle \mathrm{e}_{1}|\mathrm{x}\rangle\vdots\langle \mathrm{e}_{m}|\mathrm{x}\rangle\end{array}\}$










A $\mathrm{d}\mathrm{e}\mathrm{f}=[\mathrm{e}_{1}$ . .. $\mathrm{e}_{m}]=\{\begin{array}{lll}e_{11} e_{1m}\vdots \ddots \vdots e_{n1} e_{nm}\end{array}\}$
A $g$ A $\mathrm{A}^{*}$ $f$
$f$ $g$
( $\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{g}\mathrm{e}(f)=\mathrm{k}\mathrm{e}\mathrm{r}\mathrm{n}\mathrm{e}1(g)^{[perp]}$ range(g) $=\mathrm{k}\mathrm{e}\mathrm{r}\mathrm{n}\mathrm{e}1(f)^{[perp]}$ $\circ$ $f$
range(g) range(f) 1 1 $f’$ $f’$
range(f) $q$ $\mathbb{R}^{m}$ range(f)
$f^{\mathrm{t}}=f’\text{ }q\mathrm{d}\mathrm{e}\mathrm{f}$ $f^{\dagger}$ $\mathbb{R}^{m}$
$\mathrm{A}^{*\dagger}$
$g$ range(f) range(g) 1 1
$g’$ $p$





$\mathrm{A}^{*\dagger}$ $\mathrm{A}^{\uparrow}$ $\mathrm{A}^{*}$ A (Moore-Penrose )
$\mathrm{A}^{*\dagger}=\mathrm{A}^{\dagger*}$ . . . (1)




$=$ $\mathrm{P}$ . . . (2)
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A*A $=$ $\mathrm{Q}$
A $\mathrm{A}^{*}$ $=$ $\mathrm{P}$ . . . $(3)$
$\mathrm{A}^{*\dagger}=[\mathrm{f}_{1}\ldots \mathrm{f}_{m}]=\{\begin{array}{lll}f_{11} f_{1m}\vdots \ddots \vdots f_{n1} f_{nm}\end{array}\}$
$\mathrm{x}\in \mathbb{C}^{n}$ (1) (2)
$\mathrm{P}\mathrm{x}=\sum_{i=1}^{m}\langle \mathrm{f}_{i}|\mathrm{x}\rangle \mathrm{e}_{i}$
(3)












$\lambda \mathrm{A}^{*}\mathrm{x}$ $=$ $(\mathrm{A}^{*}\mathrm{A})\mathrm{A}^{*}\mathrm{x}$
$\lambda$ A’A A’x \mbox{\boldmath $\tau$} .
$\lambda$ A’A $\mathrm{y}$
$\lambda \mathrm{y}$ $=$ $\mathrm{A}^{*}\mathrm{A}\mathrm{y}$
$\lambda \mathrm{A}\mathrm{y}$ $=$ $(\mathrm{A}\mathrm{A}^{*})$ Ay
$\lambda$ $\mathrm{A}\mathrm{A}^{*}$ Ay )$\mathrm{s}$ { .





$\mathrm{u}_{n}$ kernel(A’) ( $\mathrm{A}\mathrm{A}^{*}$ 0}
) $\mathrm{u}_{1},$ $\ldots,$ $\mathrm{u}_{n}$ $\mathbb{C}^{n}$
$\mathrm{v}_{i}=\frac{1}{||\mathrm{A}^{*}\mathrm{u}_{i}||}\mathrm{A}^{*}\mathrm{u}_{i}\mathrm{d}\mathrm{e}\mathrm{f}$ $(i=1, \ldots, k)$
$\mathrm{v}_{i}$
$\mathrm{A}^{*}\mathrm{A}$ $\sigma_{i^{2}}$ ) $\mathrm{v}_{1},$ $\ldots$ ,v\sim
$\mathrm{k}\mathrm{e}\mathrm{r}\mathrm{n}\mathrm{e}1(\mathrm{A})^{[perp]}=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{g}\mathrm{e}(\mathrm{A}")$
$||\mathrm{A}^{*}\mathrm{u}_{i}||^{2}=\langle \mathrm{A}^{*}\mathrm{u}_{i}|\mathrm{A}^{*}\mathrm{u}_{i}\rangle=\langle \mathrm{u}_{i}|\mathrm{A}\mathrm{A}^{*}\mathrm{u}_{i}\rangle=\langle \mathrm{u}_{i}|\sigma_{i}^{2}\mathrm{u}_{i}\rangle=\sigma_{i}^{2}$
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$\mathrm{v}_{i}=\frac{[perp]}{\sigma_{i}}\mathrm{A}^{*}\mathrm{u}_{i}$ (i—l, $\ldots,$ $k$ )
A
$\mathrm{A}\mathrm{v}_{i}=\frac{1}{\sigma_{i}}\mathrm{A}\mathrm{A}^{*}\mathrm{u}_{i}=\frac{1}{\sigma_{i}}\sigma i^{2}\mathrm{u}_{i}=\sigma_{i}\mathrm{u}_{i}$ $(i=1, \ldots, k)$
$\mathrm{A}^{*}$
$\mathrm{A}^{*}\mathrm{u}_{i}=\sigma_{i}\mathrm{v}_{i}$ $(i=1, \ldots, k)$
$\mathrm{v}_{k+1},$ $\ldots,$



















































$n=m$ ( A )
$\mathrm{V}^{*}\mathrm{A}^{*}\mathrm{A}\mathrm{V}=\Sigma^{2}$
$\mathrm{A}=\mathrm{W}[\mathrm{A}]$
$\mathrm{W}=\mathrm{U}\mathrm{V}^{*}\mathrm{d}\mathrm{e}\mathrm{f}$ [A] $\mathrm{d}\mathrm{e}\mathrm{f}=\mathrm{V}\Sigma \mathrm{V}^{*}=(\mathrm{A}^{*}\mathrm{A})^{1/2}$ A
Schatten
$\mathrm{A}=\sum_{i=1}^{k}\sigma_{i}(\mathrm{u}_{i}\otimes\overline{\mathrm{v}_{i}})$
(A’A $=\mathrm{A}\mathrm{A}^{*}$ ) ( )
$n$ A
$\mathrm{A}=\sum_{i=1}^{n}\lambda_{i}(\mathrm{v}_{i}\otimes\overline{\mathrm{v}_{i}})$




Karhunen-Loeve $(\Omega, \mathcal{F}, \mu)$ $\sigma-$
$\mathcal{H}$ Hilbert $\Omega$ $\mathcal{H}$ $f$
$\int_{\Omega}||f||^{2}d\mu<\infty$
$L^{2}(\Omega, \mathcal{F}, \mu;\mathcal{H})$ $f\in L^{2}(\Omega, \mathcal{F}, \mu;\mathcal{H})$




$=$ $\sum_{i}\sum_{j}\overline{\varphi_{i}(\omega)}\int_{\Omega}\varphi_{i}(\omega’)\langle e_{j}|f(\omega’)\rangle e_{j}\mu(d\omega’)$
$=$ $\sum_{i}\overline{\varphi_{i}(\omega)}\int_{\Omega}\varphi_{i}(\omega’)\sum_{j}\langle e_{j}|f(\omega’)\rangle e_{j}\mu(d\omega’)$
$=$ $\sum_{i}\overline{\varphi_{1}.(\omega)}\int_{\Omega_{d}}\varphi_{i}(\omega’)f(\omega’)\mu(d\omega’)$











$\omega_{2}\in\Omega$ ( 2 )
$\{\varphi_{i}\}$
$f( \omega)=\sum_{i}\overline{\varphi_{i}(\omega)}\int_{\Omega}\varphi_{i}(\omega’)f(\omega’)\mu(d\omega’)$
$\mathrm{K}\mathrm{a}\mathrm{r}\mathrm{h}\mathrm{u}\mathrm{n}\mathrm{e}\mathrm{n}- \mathrm{L}\mathrm{o}\mathrm{e}\grave{\mathrm{v}}\mathrm{e}$ ( $\mathrm{K}\mathrm{L}$ )
$(T, \mathcal{T}, \tau)$ $(\Omega, \mathcal{F}, \mu)$ $\sigma$ $f\in L^{2}(T\cross\Omega, \mathcal{T}\otimes \mathcal{F}, \tau\otimes\mu)$
$T\ni t\vdash+f(t, \cdot)\in L^{2}(\Omega, \mathcal{F}, \mu)$ $f(t, \omega)$ $f_{t}(\omega)$
$K(s, t)= \int_{\Omega}\overline{f_{s}(\omega)}f_{t}(\omega)\mu(d\omega)$ $(s,t\in T)$
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$A$ $f$ $L^{2}(T, \mathcal{T}, \tau)$ $L^{2}(\Omega,\mathcal{F}, \mu)$
$(A \psi)(\omega)=\int_{T}f_{t}(\omega)\psi(t)\tau(dt)$ $(\psi\in L^{2}(T, \mathcal{T},\tau), \omega\in\Omega)$


























$\varphi_{i}(t)$ $=$ $\frac{1}{\sigma_{i}}\int_{\Omega}f_{t}(\omega)\xi_{i}(\omega)\mu(d\omega)$ $(t\in T)$












































$\sum_{i=1}^{m}u_{i}\mathrm{e}_{i}=0$ $u_{1}=\cdots$ =um=O $\mathrm{e}_{1},$ $\ldots$ , e
$\mathbb{C}^{n}$






$\alpha=\beta=1$ $\mathrm{A}$’ $\mathbb{C}^{n}$ $\mathbb{C}^{m}$
$\mathrm{A}\mathrm{A}^{*}=\mathrm{I}$
A
$\mathrm{e}_{1}=\{\begin{array}{l}e_{11}\vdots e_{n1}\end{array}\}$ , . . . , $\mathrm{e}_{m}=\{\begin{array}{l}e_{1m}\vdots e_{nm}\end{array}\}$

























Hilbert $\mathcal{H}$ $\mathbb{C}^{m}$ $l^{2}$
$e_{1},$ $e_{2},$
$\cdots\in \mathcal{H}$ :
(1) { }i\infty$=1\in l^{2}$ $\sum_{i=1}^{\infty}c_{i}e_{i}$ $i$
(2) $\{c_{i}\}_{i=1}^{\infty}\in l^{2}$ t $\sum_{i=1}^{\infty}c_{i}e_{i}$
(3) $x\in \mathcal{H}$ [ $\{\langle e_{i}|x\rangle\}_{i=1}^{\infty}\in l^{2}$
{ }i\infty$=1-t \sum_{i=1}^{\infty}cje_{i}$ $l^{2}$ $ft$
$x\vdash+\{\langle e_{i}|x\rangle\}_{i=1}^{\infty}$
(1) $\Rightarrow(2)$ (2) $\Rightarrow(3)$
$A_{n}( \{c_{i}\}_{i=1}^{\infty})=\sum_{i=1}^{n}\mathrm{d}\mathrm{e}\mathrm{f}c_{i}e_{i}$ $(\{c_{i}\}_{i=1}^{\infty}\in l^{2})$
$\{c_{i}\}_{i=1}^{\infty}\in l^{2}$ $\{A_{n}(\{c_{i}\}_{i=1}^{\infty})\}_{n=1}^{\infty}$ (–
)
$\text{ }$













$| \sum_{i=1}^{\infty}$ . $\langle e_{i}|x\rangle|=|\{\dot{.}\sum_{=1}^{\infty}c_{i}e_{i}|x\}|$
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$x\in?t$ $\{c_{i}\}_{i=1}^{\infty}\}arrow\sum_{i=1}^{\infty}\overline{c_{i}}\langle e_{i}|x\rangle$ $\text{ }$ $l^{2}$
Riesz $\{d_{i}\}_{i=1}^{\infty}\in l^{2}$
$\sum_{i=1}^{\infty}\overline{c_{i}}\langle e_{i}|x\rangle=\sum_{i=1}^{\infty}\overline{c_{i}}d_{i}$
$i$ [ $d_{i}=\langle e_{i}|x\rangle$ $\{\langle e_{i}|x\rangle\}_{i=1}^{\infty}\in l^{2}$
(3) $\Rightarrow(1)$ $x\in \mathcal{H}$ $\{\langle e_{i}|x\rangle\}_{i=1}^{\infty}\in l^{2}$ $\sum_{i=1}^{\infty}\overline{c_{i}}\langle e_{i}|x\rangle$
$\sum_{i=1}^{\infty}\overline{c_{i}}\langle e_{i}|x\rangle=\{\sum_{i=1}^{\infty}$ $e_{i}$ $|x\}$





$(\mathrm{A}_{0})a\geq 0$ $|| \sum_{i=1}^{\infty}c.\cdot e_{i}||^{2}\leq a\cdot\sum_{i=1}^{\infty}|c_{i}|^{2}$ ;
$(\mathrm{A}_{0}^{*})a\geq 0$ $\sum_{i=1}^{\infty}|\langle e_{i}|x\rangle|^{2}\leq a\cdot||x||^{2}$
$e_{1},$ $e_{2},$ $\ldots$
$\{c_{i}\}_{i=1}^{\infty}\}arrow\sum_{i=1}^{\infty}$ ctei $A$








$|| \sum_{n=1}^{\infty}$ cne $||^{2} \geq b\cdot\sum_{n=1}^{\infty}|c_{n}|^{2}$
span $(\{e_{n}\}_{n=1}^{\infty})\subseteq \mathrm{r}\mathrm{a}\mathrm{a}\mathrm{i}\mathrm{g}\mathrm{e}(A)$











$\forall x\in \mathcal{H}$ , $\sum_{n=1}^{\infty}a_{n}\langle e_{n}|x\rangle=0$
$a_{1}=a_{2}=\cdots=a_{n}=\cdots=0$ [ $\{a_{n}\}_{n=1}^{\infty}$











2 $(\mathrm{A}_{2}^{*})$ $\{e_{n}\}_{n=1}^{\infty}$ $?t$















$x$ $=$ (A -l $A^{*}x$
$=$ $(A^{*})^{-1}\{\langle e_{i}|x\rangle\}_{i=1}^{\infty}$
$=$ (A -l $\sum_{i=1}^{\infty}\langle e_{i}|x\rangle\epsilon$: (Fourier )
$=$ $\sum_{i=1}^{\infty}\langle e_{i}|x\rangle(A^{*})^{-1}\epsilon_{i}$
$=$ $\sum_{i=1}^{\infty}\langle e_{i}|x\rangle\hat{e}_{i}$




$\{e_{n}\}_{n=1}^{\infty}$ 7{ Riesz $\mathcal{H}$ $\{\xi_{n}\}_{n=1}^{\infty}$
$Te_{n}=\xi_{n}$ $(n=1,2, \ldots)$
$T$




$\mathrm{r}\mathrm{a}11\mathrm{g}\mathrm{e}(A^{*})$ $A^{*}$ : $\mathcal{H}arrow \mathrm{r}\mathrm{a}\mathrm{n}\mathrm{g}\mathrm{e}(A^{*})$
( ) $\text{ }$
$A^{*}$
$A^{*\dagger}$ : $l^{2}arrow \mathcal{H}$
Rieasz




$(\mathrm{A}_{0})$ $(\mathrm{A}_{2}^{*})$ $a$ $b$
$a=b=1$
$x= \sum_{i=1}^{\infty}\langle e_{i}|x\rangle e_{i}$
$||x||^{2}= \sum_{i=1}^{\infty}|\langle e_{i}|x\rangle|^{2}$
$x\vdasharrow\{\langle e_{i}|x\rangle\}_{i=1}^{\infty}$
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